Abstract. In this paper we give complete characterizations, in terms of Dini numbers and integrals, of positive functions $(u) defined in (0, oo) satisfying the conditions: (i) $(«)/«" is nondecreasing and (ii) ^(u)/ub is nonincreasing. By applying these results we obtain necessary and sufficient conditions for power series and trigonometric series to satisfy a certain Lipschitz condition, which include some known results of R. P. Boas, Jr.
- [6] , [9] -[ll]> [2, §8] , and are closely related to other classes of functions, viz., the class of R -0 varying functions [12, p. 92] , the asymptotic classes M (¿7, b) and Z(a, b) introduced by J. Marcinkiewicz [13, II, p. 116] and S. Koizumi [8, pp. 194-195] . The main object of this paper is to study functions in the class Y [a, b] .
We say that <b(u) E R -0 (R -0 varying at infinity) if <b(u) is positive and measurable on [A, oo) for some A > 0, and m < <b(Xu)/(b(u) < M for all X such that 1 < X < c, where l<e<oo, 0<m<l<A7<co. We say that <j>(u) E M (a, b) (0 < a < b < oo) if <b(u) is continuous, nondecreasing and not identically zero in [0, oo) such that ¿>(0) = 0, and j™t~b~x<b(t) dt = 0(u-"<b(u)), ¡uxr°-x^(t) dt = 0(u-a<b(u)) as w ^ oo. By Z(a, b) we denote the subclass of M (a, b), in which ¿|>(«) > 0 when u > 0, and fxut~b~x<b(t) dt = 0(u-b<b(u)), /rji"a~'<K0 dt = 0(i7->(t7)) as u^>0+. It has been proved [3, Remark 3] whereas by application of Koizumi's interpolation theorem we can only prove this inequality for $(m) E Z(l, k) and for O(w) E T<1, k). Moreover, in the case when no suitable quasi-linear operator can be defined so that these interpolation theorems are not applicable, we have to make use of properties of Y class instead of properties of Z and M classes. Owing to these reasons, the study of properties of Y class is found to be useful. In this paper we shall prove two necessary and sufficient conditions for functions to belong to the class Y [a, b]. As exampling applications of these results of R. P. Boas, Jr. (cf. Remarks 2, 3, 4 below). These results do not seem to follow from the above mentioned interpolation theorems. We also give necessary and sufficient conditions for functions to belong to E [a, b] (-oo < a < b < oo), where E [a,b] denotes the class of all positive functions $(«) defined in (-oo, oo) satisfying the conditions: (i) <&(u)/eau is nondecreasing and (ii) <&(u)/eb" is nonincreasing. Such functions were considered, for example, in [11] .
Throughout this paper we use D¡F(u) (i = 1, 2, 3, 4) to denote the four Dini numbers D +F(u), D+F(u), D ~F(u), D_F(u) of any function F(u).
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•'a ^a far all a E (0, oo), ß E (0, oo), a < ß.
Definition (generalized Lipschitz condition, cf. [4, p. 401]). Let 9(ü) G Y [a, b], where 0 < a < b < 1. Suppose that/(x) is a function defined in some set E c (-oo, oo). By f(x) E hip 9 we mean that for every small 5 > 0, u(S; f) = sup|/(x) -f(y)\ < A9 (8) , where A > 0 depends on E and 9(u) only, and the supremum is taken for all x E E, y E E and \x -y\ < S. •'u •'v
We shall show that this function satisfies our requirements.
Since 0(h) is a double integral, it has a continuous derivative.
It is not difficult to deduce from (A.l) that 
